K and if T is any Hausdorff nondiscrete field topology on K for which the open D-submodules of K form a fundamental system of neighborhoods of zero, then T is the supremum of a family of /?-adic topologies. We show that if the class number of K over D is finite and if T is any Hausdorff nondiscrete field topology on K for which D is a bounded set, then T is the supremum of a family of /?-adic topologies. We then investigate the problem of extending a locally bounded topology from D to a locally bounded topology on K. The extendable topologies on D for which there exists a nonzero topological nilpotent and for which D is a bounded set are characterized. Moreover it is shown that the topology of a locally compact principal ideal domain A extends to a ring topology on the quotient field of A if and only if A is compact.
Introduction and basic definitions. Let Λ be a commutative ring and let T be a ring topology on R, that is, T is a topology on R making (JC, y) -* x -y and (x, y) -> xy continuous from R X R to R.
A subset A of R is bounded for T if given any neighborhood U of zero, there exists a neighborhood V of zero such that A V c U. T is a locally bounded topology on R if there exists a fundamental system of neighborhoods of zero for T consisting of bounded sets. As every compact set is bounded [4, Exercise 12, p. 119 
], if T is a ring topology on R and (R, T) is locally compact, then Tis a locally bounded topology on R.
Each norm N on a ring R defines a locally bounded topology T N on R in a natural way. Obviously, each norm-bounded subset of R is also bounded for T N . Furthermore, if N is a nontrivial norm on a field K, that is, 7^ is nondiscrete, then a subset A of K is bounded in norm if and only if A is bounded for T N .
Let D be a Dedekind domain that is not a field, let K be the quotient field of D and let !P be the set of nonzero proper prime ideals of D. We assume familiarity with the definitions and basic properties of the functions n p defined on the set of nonzero fractionary ideals of K and the valuations υ p defined on K for each p in 0*. (See for example [3, pp. 25-26] .) If /is a field and x is a transcendental element over i% we denote the valuation on F(x) defined by the prime ideal (Λ:" 1 ) of F [x~ι] by v^.
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In [9], Correl proved that if T is any nondiscrete Hausdorff field topology on the quotient field K of a principal ideal domain D for which the open D-submodules of K form a fundamental system of neighborhoods of zero, then T is the supremum of a family of /?-adic topologies. Jebli showed that this characterization also holds if D is a Dedekind domain [14] . Heine and Warner gave a further generalization in [13] . In §2, we show that if K is the quotient field of a Dedekind domain D such that the class number of K over D is finite and if T is any nondiscrete Hausdorff field topology on K for which D is a bounded set, then T is the supremum of a family of /?-adic topologies. This result also yields known results concerning norms on algebraic function fields [6, Theorems 1, 2 and 18, Theorem 2.11].
The problem of extending ring topologies from an integral domain / to its quotient field F has been widely considered. Gelbaum, Kalisch and Olmsted gave sufficient conditions for which F possesses a field topology whose restriction to / is weaker than the original topology [11]. These results were extended by Endo in [10], but again the restriction to / of the topology on F is in general weaker than the given topology. In [1], Anthony gave necessary and sufficient conditions for the topology on / to be the restriction of a certain topology defined on F. However, the topology on F is not necessarily compatible with the ring structure of F. Other general results on the extension problem can be found in [2] .
In §3 of this paper, we give criteria for which there exists a locally bounded topology on the quotient field K of a Dedekind domain D whose restriction to D is a given locally bounded topology. We also characterize all Hausdorff, nondiscrete, extendable locally bounded topologies on D for which D is a bounded set and for which there exists a nonzero topological nilpotent in D (that is, a nonzero element c in D such that c n -* 0) when the class number of K over D is finite. Then in §4 we consider the problem of extending locally compact topologies from a Dedekind domain to its quotient field. 
COROLLARY. Let A be a principal ideal domain which is not a field and let K be the quotient field of A. If T is a nondiscrete Hausdorff field topology on K for which A is bounded, then T is the supremum of a family of p-adic topologies.
COROLLARY 2 (Correl [9] 
1° T is a field topology on K, D is a bounded set for T and there exists a nonzero topological nilpotent for T. 2° There exists a finite subset {p v p 2 ,. ->,P n } of & such that T = 3° T is a locally bounded topology on K, there exists a nonzero topological nilpotent for T and D is a bounded set for T. 4° D is a bounded set for T and there exists a nontrivial norm on K which defines T.
Proof. Suppose T is a field topology on K, D is a bounded set for T and y is a nonzero topological nilpotent for T. By Theorem 1 there exists a nonempty subset S oi & such that T = sup 5e5 T s . If S is infinite, let p e S be such that v p (y) = 0. Then {z e K: v p (z) > 0} is a Γ-neighborhood of zero but y m £ {z e K: v p (z) > 0} for any m, a contradiction. Hence S is finite and so 1° => 2°. Clearly 2° => 3°. By [8, Theorem 6 .1], 3° => 4°. The proof that 4° => 1° is the same as that for normed algebras found on page 75 of [5] . COROLLARY 
Let F be a field, let x be a transcendental element over F and let T be a Hausdorff locally bounded topology on F(x) for which F is a bounded set. If there exists a nonzero topological nilpotent f(x) in F[x], then T is the supremum of a finite family of p-adic topologies.
Proof. By [8, Theorem 6 .1], there exists a nontrivial norm N on F(x) such that T = 7^. As F is a Γ-bounded set, there exists M' > 0 such that Proof. Let y be a nonzero topological nilpotent for T. By Lemma 3 of [7] , y is a transcendental element over F and hence L is a finite algebraic extension of F(y). The proof of Corollary 2 yields that there exists a nonzero T-topological nilpotent contained in F(x). Indeed, with the terminology of that proof, let K o be a maximal subfield of L containing F(y) such that T\ κ has the desired properties and for each /, 1 < i < t 9 let v i be a nontrivial valuation on L such that T t \ KQ We note that Corollaries 2 and 3 also follow from a result of Weber [27, Folgerung 4.4] . COROLLARY 
Let F q be a finite field, let x be a transcendental element over F and let L be a finite algebraic extension of F (x). If T is a Hausdorff locally bounded topology on L for which there exists a nonzero topological nilpotent, then T is the supremum of a finite family of valuation topologies.
Proof. By Theorem 31:9 of [20], there exists a transcendental element y over F q such that L is a finite separable extension of F q (y). The corollary then follows from Corollary 3. We note that the topology t defined in Theorem 3 is normable as x n -> 0 for t and consequently t is compatible with the field structure of K. Proof. 1° => 2°. First notice that as T is Hausdorff and as D is a Γ-bounded set, x is a nonunit of D. So Dx = Πf =1 pf J where Pi, p 2 >> >P n are nonzero proper prime ideals of D and α, > 1 for i e [1, h\. As before, an inductive argument establishes that Dx m is a Γ-neighborhood of zero for m > 0. Consequently, {Dx m : m > 0} is a fundamental system of neighborhoods of zero for T and for sup x <,-<" T pr 2° => 3° is obvious.
Extensions of topologies.
Throughout this section, if p is a nonzero proper prime ideal of a Dedekind domain Z>, we denote the locally bounded topologies defined on D and on the quotient field K of D (by the/7-adic valuation) by T p and t p respectively.
COROLLARY. Let A be a principal ideal domain with quotient field K and let T be a Hausdorff locally bounded topology on A for which A is a bounded set. If there exists a nonzero topological nilpotent x in A such that xV is a T-neighborhood of zero whenever V is a T-neighborhood of zero, then there exists a locally bounded topology T on K with T\

1° D is a T-bounded set and there exists a nonzero topological nilpotent x in D such that xV is a T-neighborhood of zero for each T-neighborhood
3° =» 4°. As T is Hausdorff, Γ is Hausdorff as well. Also, since 
. If A is-a principal ideal domain which is not a field and if T is a nondiscrete normable topology on A for which A is a bounded set, then there exists a locally bounded topology on the quotient field of A whose restriction to A is T if and only if T is the supremum of a finite family of p-adic topologies.
In [7] we characterized the nondiscrete normable topologies on the ring of integers Z as follows. For any prime ideal p and for any positive integer n, { p n ) is a fundamental system of neighborhoods of zero for a locally bounded topology T pn on Z. If T is a nondiscrete normable topology on Z, then there exist disjoint finite subsets 9* x and ^2 of & and positive integers n(p) for each p in ^2 such that Γ= snp(svφ pG0>ι T p , su Ppe^2 T^n{p)). (See also [17] and [19] .) The analogous characterization of the nondiscrete normable topologies on the polynomial ring F[x] for which F is bounded was also given in [7] . The next two corollaries describe the extendable nondiscrete normable topologies on Z and on F[x] for which F is bounded. COROLLARY Therefore Z is bounded in norm and so the corollary follows from Corollary 1.
If N is a nontrivial norm on Z and T is the topology defined by N, then there exists a locally bounded topology t on the rational
COROLLARY 3. Let F be a field and let x be a transcendental element over F. If N is a nontrivial norm on F[x] for which F is norm-bounded, then there exists a locally bounded topology t on F(x) whose restriction to F[x]is the topology T defined by N if and only if T is the supremum of a finite family of p-adic topologies.
Proof. We observe that as T is Hausdorff and F is bounded in norm, for each nonzero y in F [x] with N(y) < 1, deg y > 1. Corollary 3 follows from this observation and an argument similar to the one used in the proof of Corollary 2.
We conclude this section by observing that an appropriate modification of the proof of Theorem 3 yields the following result. Then there exists a Hausdorff, locally bounded topology t on K whose restriction to I is T.
Locally compact Dedekind domains.
In [23] Warner raised the question of whether the topology of a compact integral domain / can be extended to the quotient field of /. In [22] he showed that a compact Dedekind domain D is a local principal ideal domain for which [m n : n > 0} is a fundamental system of neighborhoods of zero where m is the unique maximal ideal of D (Theorems 1 and 3 Therefore, b mt is a Γ-topological nilpotent. As {b r : 1 < r < mt} is a Γ-bounded set, it follows that 6 is a Γ-topological nilpotent. So In [24] , Warner proved that there exists a locally compact principal ideal domain which is not compact (Theorems 15 and 21) . Thus by Theorem 8, there exists a locally compact prinicpal ideal domain A whose given topology does not extend to a ring topology on the quotient field of A.
